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The speeds of convergence of best rational approximations, best polynomial
approximations, and the modulus of continuity on the unit disc are compared. We
show that, in a Baire category sense, it is expected that subsequences of these
approximants will converge at the same rate. Similar problems on the interval
[—1,1] are also examined. A problem raised by P. Turan (J. Approx. Theory 29,
1980, 23-89) concerning rational approximation to non-analytically continuable f
on the unit circle is negated as an application. 1993 Academic Press, Inc.

1. INTRODUCTION

We examine questions concerning rational approximations to analytic
functions in |z| <1 and to continuous functions from the point of view of
how they usually behave. As in [1], the notion of “usually” we adopt is the
Baire categorical notion in a complete metric space.

Let A be the space of functions, which are analytic in |z| <1 and
continuous on |z{ =1, S the subset of 4 containing functions that can not
be continued analytically beyond |z| =1 at any point, C,, the class of
continuous real functions of period 2n, and C; _, ,; the class of continuous
real functions on [ —1, 1].

Write

En(f)5=;relilg Ilf—pllg=;relin max | f(z) — p(z)],

fl, ze E

Rn(f)E: min “f_"”E,

re Ron

olf, e= max |f(z+h)=f(2)le

<A<
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where 7, is the class of polynomials of degree at most #,

P
Rn.nz{—:p’ qenn}‘
q

Since Newman showed that [x| is uniformly approximated by rationals
much better than by polynomials (cf. [2]), substantial progress has been
made in discovering classes of functions for which rational approximation
is better than polynomial approximation. A well-known example is the
Newman’s Lip 1 conjecture which claims that

lim nR,(f)_1.1;=0

n— oC

whenever f € Lip 1. This conjecture was proved by Popov [3].

In spite of these positive results, the present paper shows that, in a
categorical sense, it is expected that subsequences of rational approximants
and polynomial approximants will usually converge at the same rate.
Similar type results for entire functions were considered in [1].

We adopt the familiar categorical vocabulary. A set B is “nowhere
dense” if the interior of B closure is empty. A set B is “category !™ if B is
a countable union of nowhere dense sets. A set B is “residual” if it is the
complement of a category 1 set. So a residual set contains almost all
functions from a Baire category point of view. A set Bis a “G,” if it is a
countable intersection of open sets.

2. RESULTS FOR A4

Let
fi,=A\1,,
and

In the sequel, we always write p,(f, ) to indicate the polynomial of best
approximation to f of degree at most n, r,(f, z) a rational function of best
approximation to f from R, ,. Throughout the paper, the norms are the
uniform norms.

THEOREM 1. Let

A,={feA:]imsup—§%%=l}.

Then A, is residual in A.
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Proof. Let

. R 1
A',':{feA: There is an m, = n such that -L"(&> 1—-

Em,,(f)D n

and Emn(f>n¢0},

then

To show that 4, is residual we need to show that each A7 is open and
dense in 4 (note that each /7, is closed and nowhere dense).
Let n be fixed. For any f, g€ A, we have

Rz If —rp—1g=flpZRAS)p—S—&lb

while
Efg)o=18— 2o <g— Pk N p<EL)p+|f—8lbs
and
En(g)l)ZEn(f)D_Nf_gHD- (1)
Thus

Rn(g)D>Rn(f)D_ If—elo
E.(g)p ~ E(f)p+ Hf—g”[;'

If fe A, then there is an m, > n such that

(2)

Rm,,(f)D _l_
E.No
and
Em,,(f)D # 0

From (1) and (2) we can deduce that there is a sufficiently small 4 > 0 such
that for all ge 4 with || f—gll, <9,

m,,(g)D 1 _l
E,(8)p n’
and
E,(g)p#0.

So ge A7, which shows that each 47 is open.
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Next, for any given f€ 4 and ¢, 0 <& < 1/(2n), there is an N >0 so that

1/ =pa( o <3, 3)

and
3”N<min{%,§}. (4)
We observe that if n= 2m + 1, then for any ¢(z)e T,
R,.(z"+q(z)p2 1. (5)
In fact, suppose there is a rational r(z)€ R,, ,, such that
2"+ q(z)=r(z)p< 1,

then by Rouché’s theorem, g(z) — r(z) has n zeros in D, but g(z) — r(z) has
numerator of degree less than n.

Now define
f*@)=pufs2)+ Y m;lzm,
J=N+1
where
my=37.
By (3),

=S o< IS =puNlo+ L m 2 p<5+my <6 (6)

j=N+1

At the same time, for k= N+ 1,

E.(/Mp< Y m U )z2"p<m )l +2mg ). (7
f=k+1

On the other hand, from (5),

x
R, (f*)p= ”m;j I paf )+ Y mj"'z"’f—rmk(f*,z)

f=N+1 D
o
-y m7 iz,
j=k+2
k
ka:rllRmk<2mk”+mk+l(PN(f33)+ Z mffl:ml)) —2m. .,
=N+ D
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So together with (4) and (7) we get

Rmk(f*)[)>m/;4{l—2ml:1}2>1 1

Emk(.f*)D/mI:il +2m/:+]2 n

L}

that is, /* € A4]. This combines with (6) to prove that each A7 is open and
dense in 4 and completes Theorem 1. |

THEOREM 2. Let!

. . Rn(f)D l}
A, = A: th h that lim —2———— =~}
2 {fe ere is a sequence {n,} such tha kLn;nc olfin )y 2

Then A, is residual in A.

Proof. Let
R.(flp 1 1 }

. 1 1
A;’={feA: there is an m, > n such that §+;>m>§—;

then

A= () AL
n=1

In a manner similar to the proof of Theorem 1, we can prove that each A4}
is open. Now let n be fixed. For any given fe 4 and ¢, 0 <¢ < 1/2n, there
is an N >0 such that

If = pulf)ll p < min {% Ufno} (8)
and
v fE L
3 <m1n{2,2n}
Set
X =pfi0)+ Y my 'z
FJ=N+1
where
m;=3".

! The constant 1,2 in the following definition can be replaced by any constant ¢, 0 <c < 1/2.
Corresponding variation of the constants in Theorems 3, 5, 6, 8, and 9 is also allowed.
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As in the proof of Theorem 1, we have
If=r*ln<e
and for k=N + 1,
Ry (f*)pzm ' =2m ],
where n, = (m; — 1)/2 — 1. Meanwhile, by Bernstein’s inequality and (8),

& s
w(f*an;:])o<(||17:v(f)”o+ 3. m_,)nk‘+2 Y om!

j=N+1 J=k+1

k—1
<(2N Ifllp+ 3 m))n,:‘ +2m, dAm ]

=N+

<2m;'+o(m."), k- .

Therefore for sufficiently large %,

R () 1 1
olf*ne Yo" 2 n

A similar calculation shows that

Rm\(.f‘*)Dsm;‘ + 2m,:_il,
and

w(f*n Yp=2m. ' —o(m. "), k — oo,

So for sufficiently large &,

R,/*p 1.1
oDy 2 n

that is, f* € A5. This finishes the proof. |I

Similarly, we can prove

THEOREM 3. Ler

A= {fe A: there is a sequence {n,} such that lim »—E‘—’"(—]r;)l”——= 1}.
k—o 0 f,n; "),

Then A, is residual in A.

640/72/3-4
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3. ResULTS FOR C,, AND C[_ 3
In C,, and C; , ,y, there are corresponding results.

THEOREM 4. Let

: Rn(f){o 2n] }
B, ={feCy:limsup —""—==1,.
= {/Conitimsup E,Dio.m

Then B, is residual in C,,.

THEOREM 5. Let

Rufoze ! }

B ={feC < there is a sequence {n,} such that lim ———=<  — 1
2 : - k—oo @(f, 0y 1)[0,21:] 2

Then B, is residual in C,,.
THEOREM 6. Let

. En n
B;= {fe Cy: there is a sequence {n,} such that lim —'M;)fo—‘z—]—= 1}.
k= 0 f, ny )[0.27:]

Then B is residual in C,,.

THEOREM 7. Let

. R, _
C]Z{feC[_L]]:llmSupE-%%—ﬁi: 1}

Then C, is residual in C _, ;.
THEOREM 8. Let
C,= {fe C; 117 there is a sequence {n,} such that

e Rl g 1 }

k= w(f, "[1)[»1,1]_2 ‘
Then C, is residual in C | 5.
THEOREM 9. Let
Cy= {fe Cr. 1y there is a sequence {n,} such that
lim ’“Eﬂ(f—_.)f;l“i‘=l}'
k=0 @(f,n7 1

Then C, is residual in C¢ _y (5.
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All the proofs of these theorems are quite similar to those of Theorems
t and 2. However, there are some differences in the space C;_, 5, so we
will discuss Theorem 8.

Proof of Theorem 8. The only thing different from the proof of
Theorem 2 is the construction of a function

*(x)e< fe Cr_, : there is an m,, 2 n such that
[-11] n

.I_ 1> Rr)ln(,f)[—l,l] l__l_}
2 n ofim )y 2 0
with

If=r*l<e
for any given fe C; | |y, n>1, and £>0. That is done by constructing

f*(x) =pN(,fﬂ x) + i 'n_/‘Vle,l (g)

J=N+1
for sufficiently large N, where
T,(x)=cos(n arccos x}),
m;=97, ny=[img—1].

The rest of the proof remains almost the same as that of Theorem 2, and
we omit the details. |

4. A PROBLEM OF TURAN

Turan raised the following problem in his well-known “problem-paper”

(51
PROBLEM LXXXVI. [Is it true that, for f € S, we have
If(z)~RX) =0V wlfin "), |21

with a suitable rational function R}?

We show that its answer is negative.
Let X, be the subset of C,, consisting of those functions f for which there
exists a t€ [0, 2n) such that

|f(s)—f()<n|s—1
for all se [0, 2n).
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LEMMA 1.

Fix n. Let f € C,, have a continuous derivative. Given an &> 0,
then there exists a function L{f)e C,, as well as L(f)e C,,, a 6 >0, and a
constant M >0 so that

I —L(MWro.201 <8

9)
17 = Z( M go.207 < M7 LS 0,201 V€ (10)
and for all g€ Cy, with |L{f) — gl 10,221 < 6/(4(n + 1}), we have
gEX,,

where

- L flEn = flx—1)
/= Tl 2tant/2 !

is the conjugate function of f.

Proof. Since f has a continuous derivative,

Lf(x) =Gl <L) [0,27] [x; — x5l

Take
Tm_E . ,
6 =d(e) = max {—}\-}:ngmm{l/llf lo2ey 11 N=1,2, }
Set
ké n
X, = , k=0,1,..,2< .
=T 0 plrth)
Define

L(f,x)=(n+1)5“(f(xk)—f(xk 1)+<—1)k§)(x—xkf,)+f(xk~,)

4
=11 xeln X,

k=1,2,.,22(n+1).
é
Direct calculation now leads to (9). Also,

fex)=L(f, x)

_ _lj"f(xﬁtt)—f(x—t)—L(f,x+t)+L(f,x—t)dt
o 2tan /2
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dt

(Jﬂf(wr)—f(x—t)dt_J»“? L(f, x+0)—L{f,x—1)
0 2tan ¢/2 0 2tan ¢/2

mflx+ )= L(f,x+0)—f(x—=1)+ L(f, x—1)
+] 3 tan 112 d’>

I
Tf

=

Y%

|
:—;(}:14-22-{-23).

We check that
'Zl‘ = O(Hf"( [0,2n] \/E)»
1220 =00 £ Il o.207 /€)s

while from (9),

1Z31=0(Je "&)= 0(Je),

and (10) now follows from combining all these estimates.

On the other hand, for any xe([0,2n), say, xe[x,, x.,), there
isat,=x+6/(2n+1)) or t,=x-35/(2(n+1)), according to the cases
X€ [xk’ (xk + Xk + 1)/2) or x€ [(xk + Xk +1 )/2, Xk +1 )w respectively, such that

LL(f\ x)~ L(f, 1)l >§<n+ Do~ x—r, = (n+1)|x—1..

Now for all g€ C,, with | L(f) — gl [0.227 < 3/(4(n + 1)), the above estimate
gives

[g(x) =gt N Z LS, X) = LUt N =2 1LY — gl po.2m

>+ ) |x—t|—lx—t.l=nlx—1t,
so g¢ X,,. Lemma 1 is therefore proved. |

LEMMA 2. There exists a dense G in S.

Proof. The class of all polynomials with rational coefficients, T < A4, is
countable. We write all elements of T as £,(z), t5(z), ... We see from
Lemma 1 that, for any given m, n, and k, there is a function L, (6)e C,,
as well as I,,,,(8)e Cs, such that

‘ 1
lLkmn(H)—Re(tm(em))l <E’ (ll)

and

Mn |1, 0. 247
—

| L mn( @) — Tm(1,,,(e"))] = | L,,0(8) — Re(t,, (e < (12)
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Moreover, the (3(k ')/(4(n+ 1)))-neighbourhood of L,,,.(8), Ny, does
not intersect X,. Write

S*(&)=1(0)

for ¢=¢" So f*(&) is clearly a continuous function with respect to & if
feC,,. Now set

| ey Ot zdo i}
e WA b E RIS

then U(f, z) is an analytic function in |z] < 1, and

lim Re(U(f, 2)) = /(9),
lim Im(U(f, 2)) = f(0).

So with (11) and (12) we get

112} = UL s ) o < 2Mn (2,1 16207 /K (13)
Let
Sk Y
* : — _—
Nkmn {fEA Hf U(Lkmn)||D< 4(n+ 1)}’
an U U lemn'
m=1 k=1

It is evident that N}, does not intersect the set
X¥={fed:Re(fle”)eX,}

since N,,,, does not intersect X,. Furthermore, since T is dense in 4 and
G, contains all functions U(Ly,,,, z) for k,m=1, 2, ..., together with (13),
we see that G, is dense in 4. Define

then G is a dense G; in 4 and clearly, G only contains functions whose real
parts are nowhere differentiable on |z| =1, that is, G= S. |

We conclude that Turan’s problem has a negative answer.

THEOREM 10. There exist functions fe S A,.
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Proof. From Lemma 2 and Theorem 2, a subset of such f is
residual. §

However, much as in Theorem 2, we can establish the following weak
form of Turan’s problem.

THEOREM 11. Let

A4={feA:limsup%1{lf’7—=0}.

Then A, is residual in A.

Similarly, in the notation of Theorems 5 and 8 we have

THEOREM 12. There exist functions f € B, which are nowhere differen-
tiable.

THEOREM 13. There exist functions € C, which are nowhere differen-
tiable.
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